NAMUNAVIY MASALALAR

1-masala.

f+ N — N funksiyasi uchun:

f) =1
fm+1)=f(n)+2n (n=>1)

f (n) formulani toping.
Yechim
Ketma-ketlik fargini ko*ramiz:
fm+ 1) — f(n) = 2n
f (n) ni kvadrat ko‘rinishda bo‘ladi deb taxmin gilamiz:
f(n) = an®> + bn + ¢
Farq:
fn + 1) = f(n)
=a((n + 1)2 = n®) + b((n + 1) — n)
=a(Zn+ 1)+ b
Bu 2n ga teng bo‘lishi kerak:
ai2n + 1) + b = 2n
Ko‘effitsientlarni tagqoslaymiz:
2a =2->a=1
a+b=0->1+b=0->b=-1
Demak:
f(n) =n* —n+c
Endi f(1) = 1:
f)y=1>-14+c=1->0+c=1->c¢c=1

Javob:



f(n) =n?> —n+1

2-masala.

f+ Z — Zuchun:

f(0) =0
fx +2)=f(x)+4x + 2 (x € Z)

f(x) ni toping.
Yechim
f (x) polinom, deb olaylik:

f(x) =ax®*+bx +c

Hisoblaymiz:
fx +2) =alx +2?*+b(x+2)+c
= a(x? + 4x + 4) + bx + 2b + ¢
=ax?+ 4ax + 4a +bx + 2b + ¢
Farg:

fx +2) = f(x)
= (ax®* + 4ax +4a+bx +2b+c¢) — (ax?* + bx + ¢)
= 4ax + 4a + 2b
Bu shartga ko‘ra 4x + 2 gateng:

4dax + (4a + 2b) = 4x + 2

Demak:
4da =4 - a =1
4a +2b=2->4+2b=2->2b=-2->b=-1
Shunday qilib:
fx) =x* —x+c
f(0) = 0dan:



Javob:

f(x) = x2 — x

3-masala. x + y va x — y bilan (Yensen)

Masala.
f + R — R funksiya polinom bo‘lib, quyini ganoatlantirsin:

fx +y) + f(x —y) = 2f(x) + 2f(y) (xy € R)
f(x) ni toping.
Yechim
Polinom sifatida:

f(x) =ax®*+bx +c

Hisoblaymiz:
1 f(x + y):
alx + )2 + b(x + y) + ¢
2. f(x — y):
alx — y)2 + b(x — y) + ¢
Yig‘indisi:
fx+y) + f(x =)
=a(+(x =) +b((x + )+ (x —y) + 2
= a(2x* + 2y%) + b(2x) + 2c
= 2ax? + 2ay? + 2bx + 2c
O‘ng tomon:

2f(x) + 2f(y)
= 2(ax? + bx + ¢) + 2(ay* + by + ¢)
= 2ax* + 2ay? + 2bx + 2by + 4c
Taqgoslaymiz:

y uchun chizigli had: chapda 0, o‘ngda2by — b =0



cuchun:2c = 4c - 2c=0->¢c =0
Demak:
f(x) = ax?
istalgan a € R bo‘lishi mumkin.
Javob:

f(x) = ax? (a— ixtiyoriy haqgigiy son)

4-masala. Involyutiv funksiya (kompozitsiya)

Masala.
f+ R = R funksiya gat’iy o‘suvchi va

fFx) =x (x € R)
bo‘lsin. f(x) ni toping.
Yechim
f(f(x)) = xbolsa, f o‘zining teskari funksiyasi:
f7 ) = fx)

Faraz qilaylik, f(xg) # x,.

1. Agar f(x,) > x, bo‘lsa, gat’iy o‘suvchi bo‘lganligi uchun:

xo < f(xo) = f(xo) < f(f(x0)) = %o

Buesax, < x, bo‘lib goladi — zidlik.

2. Agar f(xy) < xo bo‘lsa, yana o*suvchi bo‘lgani uchun:

f(xo) < xo = f(f(x0)) < fxo) = %o < f(x0)

Bu ham zidlik.
Demak, ikkala holat ham mumkin emas, yagona imkoniyat:
f(x) = x barcha x uchun

Javob:



fix) =x

5-masala.

f+ Z - Z funksiyasi uchun:

f(0) =0
fm+1) =2fmM)+1 (n€2)

f(n) ni toping (butun n uchun).
Yechim

Ketma-ket giymatlarni ko‘ramiz:

f(0) =0
f)y =2-0+1=1
f2)=2-1+1=3
f3 =234+1=17
f4) =2-7+1 =15
Ko‘rinib turibdi:
fy) = 2" -1
deb taxmin gilamiz (n = 0 uchun).
Induksiya:
Bazaviy:n = 0
f(0) =0,2°—-1 =0 - rost
Faraz gilaylik n uchun rost:
fy) = 2" -1
Unda:
fm+1)=2f(n) +1
=22"- 1+ 1
=2Ml—_2+1
— 2n+1 -1

demak n + 1 uchun ham rost.



<7 Javob (n > 0):
f(n)y=2"-1

(agar manfiy n lar Kiritilsa, alohida ko‘rib chigish kerak; o‘rtacha daraja uchun
n = 0 yetarli).

6-masala.

Masala.
f: R = Ruchun:

f(x)— f(y) = x> — y? (barchax,y € R)
f(x) ni toping.
Yechim
y = 0qgo‘yamiz:
fx)— f(0)=x*-10
demak:
fx)= x>+ C
buyerda C = f(0).
Tekshiramiz:
f-f)=E+0O- @*+ 0)=x*-y?
tenglama ganoatlanadi.
Javob:

f(x) = x*+ C (C — ixtiyoriy hagigiy son)

7-masala.
f+ R — R funksiya uchun:

f(2x) = 4 f(x) (barchax € R)
fQ) =3



f (x) ni toping. Polinom yechimni toping.
Yechim

Polinom yechimni a x2 ko‘rinishda izlaymiz:

flx) = ax?
Tekshiramiz:
f(2x) = a(2x)?> = 4ax?
4f(x)= 4(ax?®) = 4ax?
Teng.
Endi f(1) = 3:
a-1>=3 - a =3
Javob:
f(x) = 3 x?
8-masala.

f+ R = R polinom bo‘lib:
fG+ fA —x)=x*+ (1 — x)*
tenglikni ganoatlantirsin. f(x) ni toping.
Yechim
f (%) ni umumiy kvadrat polinom deb yozamiz:
f(x)=ax*+ bx + ¢
f(1 — x):

fA—-—x)=al —x)*+b(1 —x)+
=a(l —2x+x)+b—-—bx +c

Yig‘indini hisoblaymiz:

f)+ f1 —x)
= (ax*+bx+c)+ [al — 2x + x))+ b — bx + ]



=ax*+ax*+a(l —=2x)+ bx —bx+c+b+c
= 2ax*—2ax + a + (2c + b)

O*‘ng tomoni:
x4+ (1 —x)?=x2+ (1 — 2x + x?)= 2x>—2x + 1

Taqgoslaymiz:

o x? koeffitsienti: 2a = 2 - a = 1
o x koeffitsienti: —2a = —2 - mos, chunkia = 1
e erkinhad:a + 2c+ b =1->14+2c+b=1->2c+b =0
Demak:
f(x)=x*+bx + ¢
va2c + b = 0.Masalanc = tdebolsak, b = —2t.
Javob :

f(x) = x?— 2tx + t (t— ixtiyoriy hagigiy son)

9-masala.

Masala.
f:+ Z - Z funksiyasi:

f(0) =0
fm+ 1) =fn)+2n+1 (n € 2)

ni ganoatlantiradi. f (n) ni toping (n = 0 uchun).
Yechim
E’tibor bering:
2n + 1 = (n + 1)? — n?
Shuning uchun:
fmn+ D= f= (n + 1) - n?

Bu n? bilan uyg‘un, shuning uchun f(n) = n? bo‘lishi mumkin deb taxmin
gilamiz.



Tekshiramiz:
Faraz:
f(n) = n?
Unda:
fn+ 1D)—fn)= (n+ 1)>—n?=2n+ 1

berilgan tenglikka mos.

Bazaviy:
f(0) =02 =0
Javob (n > 0):
fm) =n?
10-masala.

f+ R — Rpolinom bo‘lib:
f(x+ 1)+ f(x—1) =2f(x) + 4 (barchax € R)

tenglikni ganoatlantiradi. f(x) ni toping.

Yechim
Polinom shakl:
f(x)=ax*+ bx + ¢
Hisoblaymiz:
1. f(x + 1):
al(x + 1)?+ b(x + 1)+ ¢
=ax®*+2x+ 1D+ bx+b +c
=ax*+ 2ax+a+bx+b+c
2. f(x — 1):

alx — 1)?+ b(x — 1)+ c=ax*—2x + 1)+ bx — b + ¢
=ax?*-2ax+a+bx-b +c



Yig‘indisi:
fx+ D+ fx - 1)
= (ax*+ 2ax+a+bx+ b+ )

+ (ax?—2ax+a+bx —b + ¢)
= 2ax?+ 2bx + (2a + 2¢)

O“ng tomon:
2f()+ 4 =2(@x*+bx +c)+ 4 =2ax*+ 2bx + 2¢c + 4
Taqgoslaymiz:
2ax*+ 2bx + 2a + 2c = 2ax*+ 2bx + 2¢c + 4
Demak:
2a + 2c =2c+4 - 2a=4 - a=2
b va c erkin, chunki ular bekor bo‘lib ketdi.
Javob:

f(x) = 2x"2 + bx + ¢ (b,c— ixtiyoriy haqgiqgiy sonlar)
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